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Editor’s Preface
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The Editor-in-Chief

ii



Introduction

Given a smooth oriented manifold X, let P(X) be the pseudo-isotopy group of X defined by
P(X) :=={f € DHE(X x I)|fox xruxxo = id}

The pseudo-isotopy group is closely related to the diffeomorphism group of X by P(X) i
Diff(X,0) : f — Fy = f|xx1, in that case we call that f results in F.

Hatcher and Wagoner first studied myP(X) in their collected work [1] and it was later

studied by Igusa in [2]. They found two invariants for the group, namely,
Y :7mo(P) — Why(m X) and O : ker ¥ — Why(m X; Zo x moX)/x(K3Z[m1X])

where we have Why (11X;Zy x m2X) = (Zo x moM)[miM]/(B-[1],a - o] — " - [ro77 ], 0, B €
Zo X moM, 1,0 € m M). These two maps are always well-defined whenever dimX > 4, and they
showed that ¥ is always surjective when dimX > 5, and © is surjective when dimX > 5 and
bijective when dimX > 6. In [3] Singh studied the partial images of ¥ and © in dimension 4
and showed that both ¥ and © are stably surjective.

The pseudo-isotopy group is closely related to the diffeomorphism group, for there is a natural
fiber bundle

J =Diff(X x I,9) = P(X) 5 Diff p;(X, )

where Diff p;(X, 9) C Diff (X, 0) denotes all the diffeomorphisms of X which are pseudo-isotopic
to identity. Thus we have induced Hatcher-Wagoner invariants

S : 7o Diff pr(X, 8) — Why(m X)/S(T)

O : WOF(kerE) — Whl(ﬂ'lX;ZQ X WQX)/(@(j N kerE) + X(K3Z[7T1X]))

on the diffeomorphism group of X, where moF (ker ) C my Diff p7(X, 0)
Recently, Gabai, Budney, Gay and Hartman constructed the 4-dimensional barbell diffeo-

morphism (a specific nontrivial element in my Diff (Bg’z, 0) following the notations in [4]) and
studied the implanted barbell diffeomorphisms in a general X4, especially in S* x D? ([5]) and
S4 ([6]). One of the remarkable results is that Budney and Gabai constructed an infinitely
generated subset in 7o (Diff(S! x D3,9)/ Diff (D%, 9)), more explicitly, an inclusion

P Z — mo(Diff(S" x D?,0)/ Diff (D*,9)) : 1, — b,
k>4eN

where {6} }ren are specific implanted barbell diffeomorphisms in S x D3 which we will carefully

iii



Introduction

describe later in this paper.

Suppose we have an implanted barbell in a general X*, i.e. 8 : 5% x D?15? x D? — X,
and therefore an implanted barbell diffeomorphism in Diff(X, ), it is known that (see [4,
Proposition 2.6]) if one of the implanted core spheres is unknotted in X4, then the implanted

barbell diffeomorphism is pseudo-isotopic to identity. One natural question is:

Question. How to compute the induced Hatcher-Wagoner invariants for the given half-unkn-

otted implanted barbell diffeomorphism?

Once we get an fg € moP resulting in that implanted barbell diffeomorphism, ¥(fz), ©(f3)
are representatives of the two induced Hatcher-Wagoner invariants. In this article, we’ll construct
two pseudo-isotopies gg, f3 € TP, both resulting in the implanted barbell diffeomorphism with
respect to 3. gg has a Cerf diagram containing a single eye of (1,2)-handle pair and fz has a
Cerf diagram containing a single eye of (2,3)-handle pair. The main result will give an explicit

formula for the Hatcher-Wagoner invariants of fg, which is stated as follows:

Theorem 0.1. For a half-unknotted implanted barbell B = (Ro,S,7) with S = 083 where (3] :
D3 — M, by finger-pushing Ry along the arc, we can make ~y short enough such that int(55)Ny =
0. Now suppose that B3 N Ry = |_|f“‘:1 Sl. Choose p; € S} and let g = v N S be the base point.
For each i, find a path 513 C B = (Ro, S,7) which is a path from o to p; € S}. Also, for each
i, S} divides Ry into two embedded disks D; and D!, where D! is the one connected to the arc
~v. Let DZB = D; (see Figure 1 for an illustration). Then there is a pseudo-isotopy fz € moP
resulting in that implanted barbell diffeomorphism with the Cerf diagram of fz being a single eye
of (2,38)-handle pair such that:

2(f5) = 0,0(f5) = (0, [DPP?) - [6P)
i=1,...k

Here we identify m;(M, *o) with m;(M, B3) so that [D;] € m2(M, B3) and 68 € (M, 33).

Figure 1 / A general barbell and data needed to compute Hatcher-Wagoner invariants
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Introduction

Remark 0.2. In particular, when the given barbell 5 = (Ry, S,v) with S = 955 and v : [0, 1] —
M,~(0) = %o = v N S satisfies Ry N 3§ = 0, suppose 79,1y N 5 = {pi}¥_, with p; = v(t;), then

the fg € moP we constructed in the theorem satisfies:

k
2(f) = 0,0(f3) = (0, [Rg]) > [l
i=1
where 7; == v[jo,4,) € m1(M, 33) and [R] € mo(M, 33) is obtained by pulling Ry back to * along
- -
Remark 0.3. Along the way we also compute the Hatcher-Wagoner invariants for gg: ¥(g5) =
0,0(gs) = —O(fs), where = is an involution on Wh (71, Zs x m2) which is described in both [1]

and [3, section 9.1]. We review the involution here:

- -1 _
T (n,0) -] = (n+wi (o), —wi (1)o7 ) - [y,

where wy (o) € {0,1} is the second Stiefel-Whitney class of the normal bundle of o in X, and

wiX () € {—1,1} is the first Stiefel-Whitney class of the normal bundle of v in X. 4

Remark 0.4. In particular, all {fs, }ren in P(S! x D3) lie in the kernel of ¥ and ©, this answers
a question raised by Powell in [7, Question 12.6]. But {dx,k > 4} are nontrivial diffeo-
morphisms of S x D3, so [f5,,k > 4] # 0 € moP(S' x D?), which equivalently means that
{fs.,k > 4} are nontrivial pseudo-isotopies of S! x D3 which can not be detected by Hatcher-

Wagoner invariants. 3

We generalize the calculation to half-unknotted immersed barbell diffeomorphisms which will

be defined in Chapter 5. The result is completely the same:
Theorem 0.5. For a half-unknotted immersed barbell 3 = (Ry, S,v) with 83 : D3 — M, S = 8¢,

perturb self-intersections of Ry away from 3. By finger-pushing Ry along arc, we can make vy
short enough such that int(53) N~y = 0. Now suppose that B3 N Ry = |_|f:1 Sl. Choose p; € S}
and let xg = yN .S be the base point. For each i, find a path (5iB C 8= (Ro, S,7) which is a path
from xq to p; € Sil. Also, for each i, Sil divides Ry into two embedded disks D; and D), where
D} is the one connected to the arc v. Let DB = D;. Then the fz € myP we constructed which

results in the immersed barbell diffeomorphism w.r.t. B satisfies:

O(fs) = > (0,[DPI)-[6F]

i=1,...k
Here we identify m;(M, *o) with m;(M, B3) so that [D;] € m2(M, B3) and 67 € 1 (M, 33).
From the main theorem we deduce some corollaries:

Corollary 0.6. For any 0 € moM, Yo € m M, there is a half-unknotted immersed barbell § =
(R,S,7v) and fz € ker ¥ C moP with its Cerf diagram being a single eye of (2,3)-handle pair
resulting in the immersed barbell diffeomorphism w.r.t. B such that ©(fz) = (0,0) - [a].
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In particular, using results deduced by Singh in [3] where Singh showed that for M =
(X1#X2) x I with X; a closed, oriented, aspherical 3-manifold, there’s K C mo Diff p;(M, 0) and

a surjection K — @,y Z, we further show that we can let
K = (implanted half-unknotted barbell diffeomorphisms),

that is:

Corollary 0.7. Let M = (X1#X2) x I with X; closed, orientable, aspherical 3-manifold. In this
case all 0 € moM = Z[m1 X1 * m1 X3] can be realized by embedded S? with wd! (c) = 0. Then

(implanted half-unknotted barbell diffeomorphisms) C mo Diff pr(M, )

1s infinitely generated and of infinite Z-rank.

The paper is organized as follows: In Chapter 1 we recall the Cerf theory and parametrised
handle constructions version of it, especially we explain how a loop of handle constructions of
X x I can result in a pseudo-isotopy f € moP of X, and how to see the resulting F'y € Diff (X, 0)
directly from the loop of handle constructions. In Chapter 2 we recall the general notion of
Montesino twins in X* and the resulting twin twists in Diffo(X,d) which were studied for
X = S*in [6]. Then we show that if one of the spheres in the Montesino twins is unknotted,
then 3f € P(X) resulting in that twin twist with Cerf diagram being a loop of a single cancelling
(1,2)-handle pair. Then we show that any implanted barbell diffeomorphism is a twin twist, so
together with the above result, for a specific implanted barbell 3, we find gz € P(X) with
Cerf diagram being a loop of a single cancelling (1,2)-handle pair resulting in that implanted
barbell diffeomorphism. In Chapter 3 we follow the essential lemma [6, Lemma 17] to develop
a technique of one parameter version of 0-framed and dotted replacement to change the pseudo-
isotopy gs € moP with Cerf diagram being the above loop of cancelling (1,2)-handle pair to
fs € moP with Cerf diagram being a loop of cancelling (2,3)-handle pair. Therefore we get a loop
of cancelling (2,3)-handle pair resulting in implanted barbell diffeomorphism of 5. In Chapter 4
we use the technology in Chapter 3 to complete the computations of second Hatcher-Wagoner
invariant for a half-unknotted implanted barbell diffeomorphism. In Chapter 5 we generalize
to immersed barbell diffeomorphisms and compute the induced Hatcher-Wagoner invariants for
a half-unknotted immersed barbell diffeomorphism. As corollaries, we deduce some realization
results on what induced Hatcher-Wagoner invariants can be realized by immersed half-unknotted

barbell diffeomorphisms.
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Cerf theory and parameterised handle

constructions version

We have defined the pseudo-isotopy group P(X) and want to study moP(X). Cerf discovered a
great correspondence:
moP = m(F,E)

where F = F(X) :={f : X x I — I|f = standard projection on a neighborhood of 9(X x I)}
and £ = £(X) C F(X) contains all such f that have no critical points at all. The explicit
correspondence is: Given f € P(X), let p be the standard projection from X x I to I. Then
po f € £(X) since f is a diffeomorphism of X x I. It is not hard to show that F(X) is
contractible, therefore we can choose a path v = {; : t € I'} in F with vy = p,71 = po f both in
E. Then + is the corresponding element in 71 (F, ). Conversely, given f; : X x I — I starting at
fo = p and ending at f; = ¢ € &, consider the gradient vector field V; of ¢ on X x I, integrating
Vy gives a diffeomorphism on X x I: (z,t) = ¢v,(z,0)(t).

Then we reduce the question to the study of one parameter family of functions on X x I,
namely, f; : X x I — I with fy, fi no critical points at all. Like what we did in Morse theory,
we can perturb the path fixing fp, f1 such that for all but finitely many ¢ € I, f; is a Morse
function with ordered, distinct critical values. At the exceptional points, there appears either an
(2,74 1)-birth/death point (two critical points of index 7 and ¢ + 1 have the same critical value,
but by the ordering condition, they must cancel in one direction) or an (i, %)-crossing point (two
non-degenerate critical points of same index i with crossing critical values). The Cerf diagram

records the changes of critical values in f; : X x I. An example is shown in Figure 1.1.

: Figure 1.1 / This is a Cerf diagram with 2 eyes, each eye be-
3 : gin from the birth to the end. All births and ends happen

3 ' in g; '(1/2). Except the four birth/death points, every g;
172 ‘ is Morse. For example, g;/3 has two non-degenerate criti-
2 cal points of index 2 and 3. There are two crossing points

in the diagram. Every arrow denotes a handle slide be-

273 tween critical points with the same index.

In this paper we are trying to find a Cerf diagram for fg with only one eye of index 2 and
3. Then let g¢,t € I be the corresponding one parameter family of functions on X x I with
go = p,g1 = po fg. If we successfully find such a family g; with such a Cerf diagram, then
the only things happen here are as follows: For some small €, g. births a degenerate critical
point(standard local model is g. = 23 — y? — 43 + y3 + y3 near the origin p = (0,0,0,0,0) with

ge(p) = 1/2), and for ¢t > e, the critical point splits into two non-degenerate critical points of

1/23



Chapter 1. Cerf theory and parameterised handle constructions version

indices 2 and 3(standard local model is gets = 2% — sz — 92 — y3 +y3 +y3). Right after the birth
point at g-1(1/2), the level set is g;&s(l/2) = X#S5? x 5% with the dual sphere of the unique
2-handle being * x S? and the attaching sphere of the unique 3-handle being S? x *. Then the
two spheres isotope in X#5% x S? during the interval ¢ € (¢,1 — ¢). They may intersect each
other at more than one point during the isotopy, but finally, right before ¢ = 1 — ¢, they return
to the dual position, i.e. intersect at exactly one point. Then general Morse theory tells that
the (2,3)-handle pair can be cancelled, so a death occurs at ¢ = 1 —e. But via an isotopy, we can
assume one of the spheres is fixed throughout. In short, the {g;,t € I} € m(F, &) is completely
governed by an element in 71 (Emb(S? x D?, X#52% x S?), Embg(S? x D2, X#5? x S?)) where
Embg(S? x D?, X#52 x 5?) denotes all the embedded S? x D? such that S? x 0 transversely

intersect * x S? at a single point.

A similar story holds for a Cerf diagram with only one eye of index 1 and 2. To be explicit,
{gi,t € I} € m(F,€) is completely governed by an element in 71 (Emb(S! x D3 X#S! x
S3), Embg (St x D3, X#5' x $3)) with similar notation for Embg(S! x D3, X#S51 x §3).

In particular, whenever we have a loop of framed embedded S* in X #S5° x S"~*, which means
the element lies not only in the relative 71, but also in 71 (Emb(S? x D"~% X#S5% x S"7%) ),
tracing the flow lines it is not hard to show that the resulting diffeomorphism on X is just the
following composition:

i an_i
Vidvsnmit, - D (X, )

71 (Emb(S* x D% X#S" x §""), %) — mo Diff (X \ vS" "1, 9)
where the first map is the isotopy extension at ¢ = 1 and removing vS* = v(S® x *) in X#5? x
St which is diffeomorphic to X \ #S™"~*~!, where the S"~*~! denotes the dual sphere of the
(7 + 1)-handle.

Just like “Building a manifold X from a Morse function is equivalent to finding a handle de-
composition for X ”, we have an equivalent version for pseudo-isotopy: Finding a one-parameter
family of functions on X x I is equivalent to finding a one-parameter family of handle decom-

positions for X x I.
Thus if we have a loop H = {H;,t € I|Hy = H;} of handle decompositions of X x I

which starts and ends at a standard cancelling position which can be made null, by the above
statement, this corresponds to an element in m(F,€) = mP, the resulting manifold is Z;
which is diffeomorphic to X x I. Since Hy = H;p, we have a natural way to identify Zy with
7y (since they are totally the same manifold). Then we build a cobordism from S x X to
Y = X xI/((2,0) ~ (fy(x),1)) where fy is the resulting diffecomorphism on X with respect
to H € 71 (F,€E). In handlebody language, we describe what fy is: Each H; gives a series of
surgeries X = Xo; — X1 — ... = X1, Xy ¢ is diffeomorphic to X but not in a natural way. But
again, since Hy = H1, we have X, o = X,, 1 = X. But as ¢ varies, since H; moves smoothly, every
attaching region moves smoothly, thus we have a diffeomorphism ¢, : X; 0 = Xy ¢, Vm, t. In

particular ¢, 1 = fy : X = X, 0 = X1 = X is the desired diffeomorphism on X.
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Chapter 1. Cerf theory and parameterised handle constructions version

In particular, when H is a loop of a single (i,7 + 1)-cancelling pair, that is, Z; = X x
I'Uh;Uhijpr. Since h;o and h;y10 form a standard cancelling pair, the attaching sphere of
hio must be unknotted. Then let X109 = (X \ vS"™ 1) U D" x S"7F = X#S° x S be the
manifold after doing surgery on h;. Up to an isotopy, we can assume h;; = h;o throughout,
so X1t = X190 = X#S" x S»~%. The only t-dependent data is the attaching region of Pivit,
which corresponds to 71 (Emb(S? x D"~% X ), *), then one can directly see that the resulting

fr: X =Xo9 — Xo1 = X is the composition map mentioned above.
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Twin twists and relation with barbell

diffeomorphisms

First we derive a standard model for Montesino twins: Consider X = S'x.S! x D? with boundary
0X = S} x SL x Sk, where S} = S'x1x1, S, =-1x81x1,SE=—-1x1x0dD? Then we do
surgery on v(1 x S' x 0), and let X’ = (X \ (1 x S* x 0)) U D? x S? be the resulting manifold.
Then the core T = (S x S x 0) of X becomes R = (Tg\ I x S')UAI x D?, which is a 2-sphere
with normal sphere S}%, and S = 0 x 8?2 ¢ D? x S? is another 2-sphere with normal sphere
ng. Moreover, R intersects with S transversely at 2 points. The resulting manifold X’ is just a
tubular neighborhood of R U S with the same boundary X’ = 90X = Sll X S}g X S}%. Centered
at x = (—1,1,1), Sl1 is homotopic to a longitude of X', that is, m (90X, x) — m (X', *) =
m1(S? Vv S? v Sl %) = Z sends [S}] to 1 after a suitable orientation. An easy way to see that
is, 71 (0X, *) — w1 (X, ) simply kills S}, and sends others via identity, and surgering X to X’
simply kills S{ since it’s a parallel copy of 1 x S* x 0, that means m (X') = m(X)/[SL] = Z[S}].
Moreover, a simple way to construct a longitude in X’ is to consider {p,¢q} = RN .S, and choose

Yr C R,vs C S connecting p and g, then the resulting v U, 4 75 is a longitude of X'.

A standard twin twist is a Dehn twist near the boundary of X', that is, choose a neighborhood
of 0X' =1 x Sll X Sé X S}%, and let ¢p € Diff (I x Sll, 0) be the standard Dehn twist, then twin
twist 7 is identity-extension of ¢p x id x id € Diff(v(0X’),d) in Diff (X', 9).

We provide a more natural way to construct the twin twist 7: Consider a loop of S' in X:
e ST — 2™ x 81 x 0, the isotopy extension of y; at ¢t = 1 induces a diffeomorphism on X which
fixes 79. Moreover, it can be made to fix the whole core Tg, that is, it induces a diffeomorphism
on X \ vTr = v(0X), which is exactly ¢p x id x id. Therefore 7 is the induced diffeomorphism

after surgering 7o.

Definition 2.1. A Montesino twin in M* is a pair W = (R, S) where R, S are two embedded
S? in M with trivial normal bundle and R intersects S transversely at 2 points. Equivalently,
a Montesino twin in M* is an embedding iy : X’ < M. The twin twist induced by W is just
the implanted diffeomorphism 7, denoted by 7y .

Any twin twist is induced by a parameterised surgery of index one (see [8] for details) we

will briefly describe below:

Definition 2.2. Given a framed embedded S? in M*, that is, vS : 82 x D? — M*, let M,g :=
(M\vS)UD?x S! be the manifold obtained by performing surgery on S. We say a diffeomorphism

¢ of M is induced by a parameterised surgery of index one if ¢ is in the image of ps,g:

Uid,g

ps,g : T (Emb(vSY, Mys), o) — mo Diff (M \ vS, 8) 2255 7, Diff (M, 9)

4/23



Chapter 2. Twin twists and relation with barbell diffeomorphisms

where iy = 0 x S' C M, g with natural framing is the base point of the embedding space and

the first map is induced by isotopy extension.

Proposition 2.3. For any Montesino twin W = (R, S) in M, the twin twist Ty is induced by a

parameterised surgery of index one on S.

Proof. By the standard model of Montesino twins we have constructed, we do surgery on S we
get an embedding i : X = S' x S! x D? = vT? — M, with iy = i(1 x S* x 0). By the second
way we describe twin twist 7, Ty = ps,g(7) where 7, : ST — i(e?™ x S x 0) C M. O

Proposition 2.4. When W = (R, S) with S unknotted, then there exists a loop H € myP of handle
decompositions of M x I with a single (1,2)-cancelling pair resulting in Ty . In particular, Ty is
pseudo-isotopic to identity with the corresponding Cerf diagram being a single eye of (1,2)-handle

pair.

Proof. When S is an unknotted S2%, M,s = M#S3 x S' = M#S' x S3, this can be re-
garded as attaching a trivial one handle. Then Prop 3.3 proved that 7y is induced by an
element v € m(Emb(vS', M#S' x $3),iy) where ip = S' x *+ € S' x S3. Then 7y =
Sy (D larssr xs3\wst Uid, g2 = f3 where ¢4 (t) denotes the time ¢ isotopy extension on M#S! x
S3. O

Then we recall the definition of an (implanted) barbell diffecomorphism and prove that any

implanted barbell diffeomorphism is a special twin twist.

Definition 2.5. The standard barbell diffeomorphism is defined as follows: Consider D* and 2
disjoint properly embedded arcs I, I, in it. Let I; rotate around a normal sphere S? x * C
SN (I2) = S? x I and comes back. This isotopy extension induces an element in Diff (D*\ (vI; U
vlp) = S? x D?15% x D?,0). The implanted barbell diffeomorphism is obtained by implanting a
barbell 8 = (51, 52,7), i.e. S1,S2 two framed embedded S? with an arc connecting them, and
extending the barbell diffeomorphism by id on M \ vg.

Proposition 2.6. Let 8 = (Ry, S,7) be an implanted barbell in M. Finger-push Ry along ~y into
S to get another sphere R, then R intersects S transversely at 2 points. Then the implanted
barbell diffeomorphism by B is isotopic to twin twist Twy where W = (R, Sp).

Proof. We first describe Ty with W = (R, S): After surgering along Sy, we get an embedding
vI'r — M,g where Tg is a torus which has a framing induced by v Ry, this corresponds to an
element [VTg] in m1(Emb(vSt, M,s), %), then we have:

U

1 (Bumb(vSY, Myg), *) —— o Diff (Mg \ 18" = M \ 1S, 8)°-%5x, Diff (M, 8)

T |

71 (Emb(vly, D? \ vy = §% x D?), %) — mo Diff(S? x D?15% x D?,0)

5/ 23



Chapter 2. Twin twists and relation with barbell diffeomorphisms

The first line is just ps,g so by Prop 3.3 it sends [vTg| to 7. On the other hand, when
S1 goes around Tg, it just goes along v, winds R around and then comes back. This is exactly
what I; does in the standard barbell. Thus we just implant (I1, 5% x D?) into M, s (see Figures
in Example 2.8 below). The resulting diffeomorphism in M,s \ vS* = M \ vS is the barbell
diffeomorphism with implanted 8 = (Rg, normal sphere of S = S,v), when extending to M it’s
still the same barbell diffeomorphism. O

Combining the above two propositions we get:

Corollary 2.7. For any implanted 5 = (R, S,~y) with S unknotted in M, the implanted barbell
diffeomorphism is pseudo-isotopic to identity by gg € moP with the corresponding Cerf dia-
gram being a single eye of (1,2)-handle pair. Moreover, it’s induced from an element [VTR] €
71 (Emb(S! x D3, M#S* x $3), %).

Example 2.8. Here we draw the corresponding loop in 71 (Emb(S!, S' x D34S x §3), %) (for
simplicity I omit the framing but it’s just the natural framing induced by vTg|g1 and v(S*, Tr))

which corresponds to Gabai’s constructions 0y (see Figures 2.1 to 2.3).

Figure 2.1 / The implanted barbell d; in M = S* x D3

Figure 2.2 / Finger-push Ry to get R such that RN .S = 2 points
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Chapter 2. Twin twists and relation with barbell diffeomorphisms

Figure 2.3 / Do surgery along S to get an embedded torus Tx in S' x D3#S' x S with the standard
St (green one), this Tr determines an element in 71 (Emb(St, St x D3#St x §3), %) which is a loop of
handle decompositions H = {H;,t € S'} (a loop of (1,2)-handle pair) of S x D3 x I which results in
the barbell diffeomorphism d4 = Ty where W = (R, 5).
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Changing from (1,2)-handle pair to
(2,3)-handle pair

The author first heard the excellent idea from [6]. This is just the 5-dimensional Kirby calculus,
where in dimension 4, we use dotted unknotted S' = 9D? C M?3 to represent a 1-handle, and
framed S' C M to represent 2-handle. The central idea is that when the framed S is unknotted,
swapping the dotted circle and the 0-framed circle changes the cobordism but results in the same

boundary manifold.

In this chapter we first describe the dotted version of trivial 1 handles and trivial 2 handles
in a 5-dimensional handle construction H on X® = M x I, then derive the strategy of dotted and
0-framed replacement. After that, we move on to the one-parameter versions of both, namely,
dotted version of a Cerf diagram containing a single eye of (1,2)-handle pair which corresponds
to an element in w1 (Emb(S* x D3, M#S* x $3), Embg (St x D3, M#S! x S3)), and carefully
develop the one-parameter version of dotted and 0-framed replacement.

Consider the trivial cobordism Z = M x I from M to M, if we attach a one handle on top of Z,
we get Z; = ZUhy which is a cobordism from M to My = (M\S° x D*)UD! x §3 = M#S! x 3.
If we push the one handle into original Z = M x I, we know that it’s the same as cutting a
neighborhood of an unknotted properly embedded D? in M x I, that is, Zy = M x I \ vD3,
where D3 is obtained as follows: Choose an embedding i : D3 — M x I, fix i(9D3) then push
i(D3) into M x I to get D3 , then remove vD3 we get the same cobordism Z;. Then when the
attaching sphere S! of a two handle goes through S x S3\ D* C My, by slightly perturbing the
attaching region, S' can be made disjoint from S x * € S! x S3, then in the dotted version,
the S' can be seen in M \ v(0D3). And whenever S' goes through the belt sphere * x S3, in
the dotted version, S' C M \ v(0D3) intersects with that D3. In short, the dotted version of a

one handle can be described as:

Definition 3.1. For a 5-dimensional cobordism Z from 0_Z to 0+Z = M with M connected,
the dotted version of describing a new cobordism Zy = Z U hy is by choosing an embedding
B®: D3 — M with 3 := 0D? denoting a dotted 2-sphere, then Z; is diffeomorphic to Z \ v
with 3%, : D3 < Z obtained by pushing interior of 3*(D3) into Z a bit. Whenever the attaching
sphere of any 2-handle runs over the belt sphere of hq, it intersects 3° (or equivalently, it links
with 3).

Running the same story of a trivial 2-handle, i.e. the attaching region is a 0-framed unknotted
S! = 0D? with D? < M, we get the dotted version of a trivial 2-handle:

Definition 3.2. For a 5-dimensional cobordism Z from 0_Z to 047 = M with M connected,

the dotted version of describing a new cobordism Z1 = Z U hy with he a trivial 2-handle, is by
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Chapter 3. Changing from (1,2)-handle pair to (2,3)-handle pair

choosing an embedding ~* : D? < M with v := 9D? denotes as a dotted 1-sphere, then Z; is
diffeomorphic to Z \ vv$, with 4%, : D? < Z obtained by pushing interior of v*(D?) into Z a
bit. Whenever the attaching sphere of any 3-handle runs over the belt sphere of ho, it intersects
with v* (or equivalently, it links with ~).

Now if we are giving both data from the above 2 definitions, we can perform the dotted and

0-framed replacement:

Proposition 3.3. For 5-dimensional cobordism Z with 0+Z = M Suppose we are given (3° :
D3 < M, ~*: D?> < M with 3,7 the corresponding boundary embeddings. If vS' N BS? = 0,
then 04 (Z \ vB5, Uy 0) ha) = 04.(Z \ v75, U o) h3). Here (7y,0) means that the attaching sphere
of ha is v and the framing is induced by v(v,v*) ® v(y*, M)|,, similar for (53,0).

Proof. Both sides are (M \ (v U vy)) Ug) D3 x St Uv,0) D? x S2. O

Remark 3.4. Later on in the dotted version, when we say the attaching region S*~! x D5~ of
some handle h; (i = 2 or 3) is 0-framed, we will specify a D* < M with the attaching sphere
Si=1 = 9D, and the framing is naturally induced by v(S*~!, D) @ v(D?, M)|gi—1. Usually the

D' is clear from the context. 2

Remark 3.5. Let Z' = Z\vf}, Uy 0)he and Z" = Z\v~;, Ug o) h3. Note that the two cobordisms
result in the same boundary manifolds but they are different cobordisms themselves. In fact,
when Z = M x I, we can embed Z’ into a bigger M x I such that Z' Uy, 51y zv Z" =M x I

where Z” denotes the orientation-reversing cobordism from 04 Z” to 0_Z" (see Figure 3.1).

M=x1

Figure 3.1 / Z/UZ" =M x I
|

Recall what we obtained in the last chapter: For any half-unknotted barbell in M*, we find a
loop of framed S*, i.e. an element in 71 (Emb(S! x D3, M#S*' x S3), ¥) which represents (by the
map ps,g) that barbell diffeomorphism. And thus, it gives a Cerf diagram containing a single
eye of (1,2)-handle pair which results in the barbell diffeomorphism. And our original goal is
to find a Cerf diagram containing a single eye of (2,3)-handle pair resulting in the same barbell
diffeomorphism, then calculate its Hatcher-Wagoner invariants. Therefore, the only thing we

need to do is to change the eye of (1,2)-handle pair into the eye of (2,3)-handle pair. Then the
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Chapter 3. Changing from (1,2)-handle pair to (2,3)-handle pair

natural idea is to do the one-parameter version of dotted and 0-framed replacement. To do that,
we need the following lemma(this appeared in the work of Gay in [6] when M = S*, and there
Gay was going from the opposite direction, namely, to change a certain eye of (2,3)-handle pair

into an eye of (1,2)-handle pair, but the idea of the proof is totally the same):

Lemma 3.6. Consider a one-parameter family of embeddings: B¢ : D3 — M (denote 3; = 03¢
and v : St — M, t € [0,1] with the following properties:

(1) ~o extends to 7§ : D? < M, i.e. Yolap2 = Y0, moreover, 4§ intersects By transversely at a

single point.

(2) 87 = B and m =0
(3) For allt e [0,1], N B = 0.

(4) i intersects 7 transversely at a single point, for i € {0,1}.

Then there exists an extension of f; and v to t € [0,3] and a one-parameter family of

embeddings ~¢ : D*> — M, t € [0, 3] satisfying:

(1) For allt €0,1], v+ and Bf stay the same as given.

(2) Forte|[0,3], 0vf = .

(3) B3 =65 and 75 = 5.

(4) For allt € [1,3], v intersects 3f transversely at a single point.
(5) Bo = B3 intersects 5 = 3 transversely at a single point.

(6) The path v?,t € [0,3] is null homotopic rel t € {0,3} in Emb(D?, M).

Proof. First we construct ~7 for ¢ € [0,1]: Since 5; Ny = 0, choose an isotopy ¥ : M — M
which sends 7p to 4+ and sends Sy to B, then let 77 := (7).

But now ~} may not be equal to 75. Then we construct 7; and 3§ for ¢ € [1,2] such that
75 = 75: Let ¢ : M — M be the isotopy such that ¢(77) = v5_, then define v = ¢+(77) and
Bt = ¢e(B1)-

But now (5 may not be equal to 5. Then we construct 47 and 3 for t € [2,3] such that
v =15 = for t € [2,3] and B3 = 53: By condition (4), 8§ is a normal disk of vy and (3
is a normal disk of 7, since 72 = ¢2(71) = 70 and B3 = ¢2(5}), so 53 is also a normal disk of
v2 = 0. That means, both 55 and /j are normal disks of 79, then we can isotope 5 to 3]

during t € [2, 3], one way is to shrink 33 to ;7 inside 53 to a standard normal ball of 79 and
then expand back to 3§.
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Chapter 3. Changing from (1,2)-handle pair to (2,3)-handle pair

Then from the construction one can see directly that conditions (1), (2), (3), (5) are satisfied.
For condition (4), for t € [1,2],| N B7| = |1 N &Sy = [ NPy = 1, for ¢t € [2,3], B is
always a normal disk of v = 79 so satisfied. For condition (6), by v = 75_,,t € [0,2] and
v =173,t € [2,3], then of course the condition is satisfied. O

Proposition 3.7 (one-parameter version of dotted and O-framed replacement). Suppose that 57 :
D3 < M, v : S' — M, t € [0,1] satisfying the four conditions in the above lemma, moreover,
Bt = B3, and 7] is a standard normal disk of Py, by using the above lemma, we extend f and
e tot € [0,3] and get ~p with v, = 0vF fort € [0,3]. We further assume 7 and ~§ yield the
same framing for y1 = 0. Since 5§ = B3 and 5 = 73,

(1) Fort € [0,1], regard Bf = B3 as dotted version of a trivial 1-handle, regard v = 0v; as a
loop of 0-framed 2-handle. Then it gives Hi € moP with Cerf diagram being a single eye
of (1,2)-handle pair and results in fy, € mo Diff (M, 0).

(2) Fort € [0,3], regard ¢ as dotted version of a trivial 2-handle (the 2-handle can be made
not moving for t € [0,3] by condition (6) in above lemma), regard By = OB; as a loop
of framed 3-handle. Then it gives Ho € moP with Cerf diagram being a single eye of
(2,3)-handle pair and results in f, € mo Diff (M, 0).

Then [fu,] = [f.] € mo Diff (M, 0).

Proof. First consider 87, = 07, t € [0, 3], this loop of handle decompositions of M x I yields
Ho € moP with Cerf diagram being a single eye of (1,2)-handle pair. And by doing dotted and
O-framed replacement pointwise for ¢ € [0, 3] from Hy, we get another pseudo-isotopy which is
exactly Ha € moP, thus fy, = fu,-
But note that 87 = 33 and 71 = <3 with the same framing induced by +7 and ~3, so for
€ [1,3], B and 7, = Ovf also determines a loop of handle constructions for M x I, thus
a pseudo-isotopy H € myP. But here 3} intersects <; transversely at a single point for all
t € [1,3], which means they are all at cancelling position for all ¢, thus [H] = [id] € mP. So
B,y = 0, t €10, 3] together gives a pseudo-isotopy [Ho = H1 * H| = [H1] € moP.
Thus [fx,] = [fx,] = [fx.] € mo Diff (M, 9). O

For any half-unknotted implanted barbell § = (R, S, ), from the last chapter, we get a loop
of (1,2)-handle pair gg € myP resulting in the barbell diffeomorphism. By first changing to the
dotted version and then applying Proposition 3.7 , we can see that there is a natural extension
7¢,t € [0,1] by pulling 7§ along v in Tg, i.e. 77 =75 Usejo,g Vs- Thus 77 = 1§ tube, R. Thus
framing of 1 = 7 induced by 7} is the same as that induced by 7§ (For moving pictures of ¢

in the case of 3 = dy, see Figure 3.4). Thus we have:

Corollary 3.8. For any half-unknotted implanted barbell 8 = (R, S,v) in M*, there exists fz €
moP whose Cerf diagram contains only a single eye of (2,3)-handle pair resulting in that barbell
diffeomorphism. In particular, the first Hatcher-Wagoner invariant 3(fg) = 0 € Why(m1 M).
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Chapter 3. Changing from (1,2)-handle pair to (2,3)-handle pair

Remark 3.9. We are not going into the definition of the first Hatcher-Wagoner invariant X :
9P — Wha (71 M)(to see a clear definition, read [31), but briefly speaking, it records the handle
slides that happen during {f; : M x I — I} € m1(F,€). So when there’s only a single eye of

(2,3)-handle pair, there’s at most one handle for each index, so no handle slides at all time. 4

Remark 3.10. Note that in the proof of the above proposition, we obtain
Ho = {Hazy,t € [0, 3] which is a loop of (2,3)-handle constructions of M x I'}
by doing dotted and O-framed replacement pointwise from
Ho = {Ho.t € St which is a loop of (1,2)-handle construction of M x I}.

Denote Zy, (resp. Z3;,) as the corresponding cobordism from S x M to Yy = M x I/((x,0) ~
(fro(x),1)) (resp. Yy, = M x I/((z,0) ~ (fu,(x),1))). Since fu, = fu,, by Remark 3.5 we
know that Zy, U Zy, = S' x X x I, thus 0 = X(Ho) + S(Hz2) = X(H1) + B(Hz). Similarly,
O(H1) + O(Hz) = 0. By [3, section 9.1] we know that there exists an involution ~ on both
Wha (M) and Why (11 M;Zy x maM) such that X(f) = 2(f), O(f) = ©(f),Vf € moP. For
implanted barbell 8, we thus have X(gg) = —X(f3) = 0, O(gg) = —O(f3)- 4

Example 3.11. We apply the above procedure to Budney and Gabai’s barbell diffeomorphisms
dk, changing its corresponding loop of (1,2)-handle pair which we obtained in the last chapter
into the loop of (2,3)-handle pair.

Recall the loop of (1,2)-handle constructions for Cerf diagram resulting in d; (again we let

k = 4 for simplicity), as shown in Figure 3.2.

Figure 3.2 / Element in 71 (Emb(S! x D3, St x D3#S! x §3), %) which represents barbell 6.

Change it to the one-parameter dotted version, i.e. 87 = ] : D3 — St x D3, ~ : 8 —
St x D3, 49 = 71 a standard meridian of 8y = 9, t € [0, 1] (see Figure 3.3).

Now following the constructions we made in Lemma 3.6, we need to find 77, ¢ € [0, 1]. Let 7
just be the standard normal disk of 93], then ~} is just dragging ~§ onto Tr along the trajectory
of S!in Ty, finally ¥y = V0 #tube R (see Figure 3.4).
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Chapter 3. Changing from (1,2)-handle pair to (2,3)-handle pair

<)

Figure 3.3 / Dotted version of the loop of (1,2)-handle pair. The dark blue is the dotted S? = 93, the
light blue region is 8¢ = 83 : D3 < S! x D3 which represents the 1-handle.

Figure 3.4 / Movement of 47 : D? < S x D?. The figures draw ~3, 77,7}

Now at ¢ € [1,2], as the constructions in Lemma 3.6 read, consider ¢; : S* x D3 — S x D3,
st. v = oe(V]) = Vi Br = ¢e(B) = B3). In the interval t € [1,2], By = [y intersects 7
at a single point. While 33 intersects 4§ at S U I', so when t € [2,3], 3; shrinks in 83 to a
standard normal sphere of v2 = 7y so that 83 = fy. Therefore, when during t € [2,3], §; will
intersect 7§ = ¢ at 1 point, then at 3 points, then 1 point, which will become essential to our
calculations of Hatcher-Wagoner invariants. So in order to understand how [y, ¢ € [2, 3] shrinks,

we only need to understand 33:

B3 is the isotopy image of 87 = 33 when pulling v, back to standard vy along R, but this is
just the backward barbell diffeomorphism with data 5 = (R, S,v). What’s more, the 87 is just a
mid-ball of this implanted barbell (see Figure 3.5)! Thus in [4] we know the embedded surgery
description of the mid-ball after performing a barbell. In Figure 3.6 we draw the embedded
surgery explicitly to get 3.
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Then performing one-parameter version of dotted and 0-framed replacement we regard 7, t €
[0,3] as the dotted version of hoy,t € [0,3] and regard S, ¢ € [0, 3] as the attaching spheres of
hs,t € [0,3]. Thus we change the Cerf diagram of a (1,2)-handle pair to the Cerf diagram of a
(2,3)-handle pair, both resulting in barbell Jj.

Figure 3.5 / Pulling v, back to ~g(therefore pulling 73 back to ) is equivalent to doing the barbell
diffeomorphism 3 = (Rg, S, 7).

Figure 3.6 / The mid-ball 5} becomes 85 = (8} U hap U ha ) where hgp is the 2-handle with attaching
S} the brown one and core D7 = {S tube along the brown arc}, hg, is the 2-handle with attaching S}
the red one and core D? = {R tube along the red arc}. As a result, 83 = (8} \ (S} x D> U S} x D?))U
(D? x S'U D? x S'). Therefore, 33 N~y3 = the green S* and the blue I in the picture.
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Computation for the second

Hatcher-Wagoner invariant

In this chapter, first we recall the definition for the second Hatcher-Wagoner invariant, namely,
© : ker¥ — Why(mM,Zs x moM)/x(K3Z[m1 M]). For simplicity, we restrict to the case when
the Cerf diagram contains only a single eye of (2,3)-handle pair. For general definitions and
well-definedness, see [1] and [3].

Recall that Why (711 M, Zo x m1oM) = (Zg x moM)[miM]/(B-[1],a - [0] — a” - [ror71],a,8 €
Zo x moM, 7,0 € T M) (see [3] for details).

To define O, we need the following data: For {f;,t € I} € m1(F, &) with Cerf diagram only a
single eye of (2,3)-handle pair, suppose that the eye appears just before ¢t = € at critical value %,
and ends right after ¢ = 1— € at the same critical value, then consider V' := g 1_ f11/2) =
M’ x [e,1—¢] where M' = M#S5? x S2. For each f;,t € [¢,1— €], we call the belt 2-sphere of the
2-handle By, the attaching 2-sphere of the 3-handle A;. Let A := Ute[e’lfd A2 S’ xICV,
B .= Ute[e,l— d By = 8?2 x 1 C V. Without loss of generality, we may assume that all intersections
among A, B,V are transverse. Then we know that AN B = I L;j—y,__ S1. we denote the i-th
St as Sil. Now, choose a base point * € X x 0 C X x I, a fixed ¥ € I C AN B and a path
8o C X x I : % — *'. For each i, choose a point p; € S}, and two paths: (5{4 c A ' = p;,
6P € B : ¥ — pi. Denote v; := 62 % (0/)71 € m(X x I,#) and ~} := 'yfo € m(X x I,%)
by pulling +; from the base point %’ back to the base point * along dy. Also note that both A
and B are simply connected, then choose DZA % A such that 6D;-A = S}, DP & B such that
ODB = Sl so denote B; := [DAUDP] € mo(X x I,p;) and B} := Bfo*éiB € mo(X x I,%) by
pulling 3; from base point p; back to base point * along g * (523.

To define the Zy component, we consider two framings of the same R2-vector bundle on
S1. Consider v(S}, B)(the normal bundle of S} in B), since A intersects B transversely in V/,
then E = v(S},B) = v(A,V)| g1 Is a 2-dimensional trivial vector bundle over S, We define
two framings on E: e; p is the ffaming naturally induced by DZB % B, e; 4 is induced by the
attaching data for the 3-handle, namely, A; x D? < M’ = M]. Then e; 4 —¢; g € m1(SO2) = Z,
we define s; := e; 4 — e; p mod 2. Thus for every ¢, we have defined s; € Zs.

Using all those notations above, we can define the second Hatcher-Wagoner invariant © for

F:={fi,tel}emn(FE):

Definition 4.1. For F' := {f;,t € I} € m(F,&) with Cerf diagram only a single eye of (2,3)-
handle pair, define O(F') := Zi:l,...,k(si’ BF) - [V

Example 4.2. Now we calculate the second Hatcher-Wagoner invariant for implanted barbell

diffeomorphism §j:
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Using results in last chapter, by projecting the movements to a single S' x D3#81 x 83, and
then using the dotted version and one-parameter version of dotted and 0-framed replacement
in ST x D3, we use 3; and ¢ in S x D? to represent A;, By in St x D3#S1 x S3. We see
that the attaching sphere A; = f; intersects B; = 4 U D? at a single point for ¢ € [0,2] and
Ute[2,3] AN By = B§N~s = ITUS! with T the blue arc in Figure 3.6, and S! the green one in
Figure 3.6. Thus from Figure 3.6 we see 7* =~; = (k— 1)* =k — 1 € m (S x D3, %) = Z.

To calculate 3*, we need to find D? 4 43 x I and D# & 33 which bound 9D4 = 9D = S
By projecting to a single S! x D3 for t € [2,3], we know that 7 = 73 is the standard green
one in Figure 3.6 which won’t change, so it’s enough to find D 9+ 43. For DB, we have an
immediate choice in Figure 3.6, which is just the small disk in green 5 which bounds the green
S'. For D#, we pull the green S', which is the meridian of the brown tube, along the black
tube back to the meridian of brown S C the blue D3, which is just a parallel of red S' C the
blue D3, then capping with the red D? which is the red long tube connected with Ry. In all,
B* = Bt = (R})* € ma(S* x D3, %) = 0, here 7 is the arc in the definition of barbell, which is the
arc connecting S with Ry.

Now we calculate s = s1. For s{* = attaching framing of v(A, V)lte2,3),51c 4, from the dotted
version we know that {A;|t € [2,3]} C B3 is O-framed, thus s{' has a chapter which is the normal
bundle of 33 in S* x D3, which is exactly a normal chapter of v(S,~3) C v(S', 78 x I = Bliepa,3))

when restricted to the green S'. Thus s = s5, s = 0.

Thus we obtain that ©(dx) = (0, (R})*)[k — 1] = (0,0)[k — 1] = 0 € Why(Z,Zy x 0).

The calculation can be generalized similarly to any half-unknotted implanted barbell § =
(Ro, S,~) with S unknotted. After doing an isotopy of M we can put S = 9/ into the standard
position and use strategies in Chapter 3 to find a Cerf diagram containing a single eye of (2,3)-
handle pair with ~?, 8;,t € [0,3]. Note that for ¢ € [0,2], 5; intersects 7f at a single point,
so as the example suggests, the second Hatcher-Wagoner invariant can be calculated just using
B3 and v = 73. Assume we have obtained 33 C M, 83 N~3 = I U;—1__; S', then the same

argument of the example works in general case, i.e. using notations above, we have

O(F) = Y (s8] 1]

i=1,....k

where for each i, v; = 67 * ((5;-’4)*1 with (5;-’4 3+ B3, 88 @ 48 connecting * and p; € S},
Bi = DZA UDZB with DZA % B3 and DiB 3, 8i = e; 4 — €, p mod 2 with ' = V(Sil,%' x I) =
v(83, MxI)|s1. v(S}, 78 xT) = U(S},73)@E' = v(S}, DE)OE', v(B3, Mx1)|s = v(B3, M)@E"
where E',E" are two 1-dimensional trivial bundle over S}. e; g is the framing induced by
v(S},73) and e; 4 is the framing induced by v(33, M) st But since (33 intersects 75 transversely
at S} in M, so v(S},43) = Z/(BE,M)‘SQ, thus, s; =e; 4 —e; g =0.

To calculate 87 and 7}, we need a smarter change: It can be very hard to visualize /33,

especially when Ry goes through f( in a strange way (Ro N 83 may be knotted in D3 = B3)-
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But we know that there is an isotopy ¢o : M — M which is isotopic to identity such that
$2(BY = B3) = B3, p2(77) = v5. This means we can pullback every data we need to 87 and ~5.
Then it will be easier to visualize in the given implanted barbell 3.

Note that 3} = /] is the given unknotted ball which bounds S, i.e. S = 937. Also recall
kS,
int(83) Ny = 0 (by finger-pushing Ry along v without reaching S, such that the arc  of the

that 77 = 4§ tube, Ry. Without loss of generality, we may assume that 8§ N Ry = L;—1 ..,
implanted barbell 5 can be made arbitrarily short). Let xg = S N~ be the base point, note that
o will not move during the whole time ¢ € [0, 3](in Figure 3.6, *¢ is the left vertex of the blue
I). For each i, find a path 6% C 8 = (Ry,S,7) which is a path from ¢ to p; € S}. Also, for
each i, S} divides Ry into two embedded disk D; and D!, where D! is the one connected to the

arc . Let DP = D;. Now comes the following main theorem:

Theorem 4.3. For a half-unknotted implanted barbell B = (Ro,S,7y) with S = 083 where (33 :
D3 < M, by finger-pushing Ro along the arc, we can make y short enough such that int(By)Ny =
0. Now suppose that B} N Ry = |_|f:1 SL. Choose p; € S} and let xg = v N S be the base point.
For each i, find a path 67 C 8 = (Ro, S,v) which is a path from *q to p; € S}. Also, for each i,
Si1 divides Ry into two embedded disks D; and Dg, where D; is the one connected to the arc 7.
Let DlB = D;. Then the fg € moP we constructed in Corollary 3.8 which results in the implanted
barbell diffeomorphism w.r.t. B satisfies:

O(fs) = (0, [DP)P7) - [67]
i=1,....k

Here we identify m;(M,*o) with 7;(M, B3) so that [D;] € (M, B3) and 67 € w1 (M, 33).

Proof. In the above discussion we already showed that s; = 0 € Zs for all 7, we only need to
show that [D;]%" = B and [68] = 4. But since we choose %y € M which won’t move during
the whole procedure, then * = (x0,0) € M x 0, ¥ = (x,1/2) € (M'); = M#S? x S2. So for
the calculation, we can choose 3] and v based at *g € M. Then by definition and by changing
data to 77 = g tube, Ry and 37 = 33, we pick 5;4 C 3] connecting o with p;, pick DZ-A 5
with ODA = S!. Then by definition 8F = [¢o((DA U DB))] = [(DA U DB)Y] € my(M, %),
since by Lemma 3.6, ¢ : M — M,t € [1,2] is a one-parameter family of isotopies of M with
¢1 = id and ¢4 (*0) = *0,Vt € [1,2]. But A3 is an embedded contractible D3, so 8f = [DZB](SZB.
Also for the same reason, 7} = 62 * (61)71 € 71 (M, o) which is 67 € m (M, B3). O

Example 4.4. Using Figures 3.3 and 3.4 (where we draw ~} and 3} = (3§ explicitly when 8 = dj
in S! x D3) and results in Theorem 4.3, one can easily see that for the implanted barbell d, in
St x D3, ©(f5.) = (0,0) - [k — 1] = 0, which coincides with Example 4.2.
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Generalizations to immersed barbell

diffeomorphisms

In this chapter we generalize implanted barbell diffeomorphisms to immersed barbell diffeomor-
phisms from the perspective of graspers, then we show that half-unknotted immersed barbell
diffeomorphisms are pseudo-isotopic to identity, and we can similarly find fz € moP resulting
in that immersed barbell diffeomorphism such that its Cerf diagram contains a single eye of
(2,3)-handle pair. Then we compute the Hatcher-Wagoner invariants for fz. As a corollary, we
show that for every o € moM and Vy € mi M, (0,0) - [y] € Why(m1 M, Zg x ma M) can be realized
by a half-unknotted immersed barbell diffeomorphism, i.e. there exists f € myP resulting in a
half-unknotted immersed barbell diffeomorphism such that X(f) = 0,0(f) = (0,0) - [v].

Definition 5.1. An immersed barbell = (Rp, S,7) consists of a framed immersed 2-sphere Ry
in M, a framed embedded 2-sphere S in M, and a framed embedded arc v in M connecting
Ry and S. By finger-pushing Ry along v into S to get another framed immersed 2-sphere R
in M such that R NS = 2 pts, we do surgery along vS to get M,g, then after surgery we
get T = (R\ D? x 9I) U S' x I which is a framed immersed torus. As in Chapter 2, vTx
also defines an element [vTg] € 71 (Emb(vS!, M,g),*). We define the corresponding immersed

barbell diffeomorphism as ps,g[vTr|, where we define ps, ¢ in Definition 2.2.

In the same manner of Proposition 2.4 we can show that, when S is unknotted, there is a loop
gs € moP of handle constructions of M x I containing a single (1,2)-handle pair which results
in that immersed barbell diffeomorphism. And by doing one-parameter version of dotted and
0-framed replacement stated in Lemma 3.6 we change the loop of (1,2)-handle pair gg to a loop
of (2,3)-handle pair fg € moP, thus we can compute the Hatcher-Wagoner invariants for fg.

Throughout the process, the only difference from the embedded case is that, to obtain
2.t € [0,1] with 4 = 0vf which is the given loop of attaching spheres of the 2-handles, in
the previous embedded case, we naturally choose v = 7§ Usejo Vs (that is, pull 1§ along
Y,t € [0,1]), but now since Tg is an immersed torus, it may have double self-intersection
points, then there’ll be ¢y < t; such that p := v, Ny, # 0 (by a reparametrization of T,
which won’t change the resulting gg € moP, one can assume that for any to # t1, there’s at
most one intersection point between 7, and ;). In this case when the intersection point
is reached for the second time at ¢t = t;, one must finger-push the small intersection disk
D? = {normal disk of Tg at point p} C ~,t € (to,t1) towards the trajectory of 74 to get an
embedded v;,? > t;. Figure 5.1 is an illustration.

After understanding that we can deduce the following theorem, which is a generalization of
Theorem 4.3:
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Chapter 5. Generalizations to immersed barbell diffeomorphisms

Figure 5.1 / Here we draw a local region of Tx
near the self-intersection point in an R3-slice.

D= Yo NVt ¢ € Ve, and the blue region is the

q local part of 4 in a R3-slice. When ¢ > ¢;, the
blue disk C vp will be finger-pushed along 7; to

ensure vy is embedded.

1o <t <t ’t?'tl

Theorem 5.2. For a half-unknotted immersed barbell B = (R, S,~y) with 83 : D3 < M, S = 94,
Perturb self-intersections of Ry away from [33. By finger-pushing Ry along the arc, we can make
v short enough such that int(53) Ny = 0. Now suppose that 5§ N Ry = I_IZ':LW’kSil. Choose
p; € S} and let o = yN .S be the base point. For each i, find a path 6% C 3 = (Ry, S,~) which is
a path from %y to p; € Sil. Also, for each 1, Sl-l divides Ry into two embedded disks D; and Dj,
where D} is the one connected to the arc ~y. Let DzB = D;. Then the fg € myP we constructed

which results in the immersed barbell diffeomorphism w.r.t. B satisfies:

O(fs) = Y (0,[DFP)- [sF]

i=1,....k

Here we identify m;(M, xo) with m;(M, 83) so that [D;] € m2(M, 8y) and 5P € m1(M, 5Y).

Proof. By finger-pushing Ry along v into S to get R, we then attach a 1-handle, in the dotted
version, we push 37 into M x I and cut out a neighborhood of it. On the top we just do
surgery on vS and get Tk which is an immersed framed torus in M#S! x S3. On the left side of
Figure 5.2 we draw the immersed T in the dotted version with standard ~§ in green. Thus we
get initial data 48, {v¢,t € [0,1]} € 7 (Emb(vSt, M#S1 x S3), %) and 8¢ = 83,t € [0,1]. To use
one-parameter version of dotted and 0-framed replacement and calculate ©(fg) we only need to
find ~7,t € [0,1].

As in the process from the last chapter, we have s; = 0, 3 and v can be calculated in v}
and 3} = 3. By the discussions just above the theorem, we isotope g along 7; to vf. Whenever
we reach a self-intersection point p = 74, (v) (74 : St — Tr C M : w — (w)) the second time,
the normal disk at the intersection point needs to be stretched along I, := Uy, 117(v). Thus
in the case Tx has just a single self-intersection point, 7§ = (7§ tube,Ry — D?) U S x I, U D?
where S! x [, = SN(Tg)|;, (for X immersed in M, we use SN (X) to denote the sphere bundle
of N(X) which is the normal bundle of X in M), that is, each S' is a meridian sphere, and
D? C S? = SN(m) which bounds S* = SN(TR)|,, () such that Df N~§ = 0 (see Figure 5.2

for an illustration).

|’71 (v)

When there are more double self-intersection points, by a nice reparametrization of Tr, we
may assume the self-intersection points are p; = vy, . (w;) Ny, (v5),toy < 15,5 = 1,...,n and

{v;} are distinct from each other. Then let [, := Uiy, ; 1174(vs). Then 47 = (1§ tube, Ry —
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Chapter 5. Generalizations to immersed barbell diffeomorphisms

Figure 5.2 / Here we illustrate immersed torus Tg and the standard 73 on the left and the desired +§ on
the right. If Tg is embedded, v¢ N B3 = I N S* where [ is in blue and S* is in red. But since Tk has a
self-intersection point, by finger-pushing a small disk near the intersection point along ; as we said in
Figure 5.1, this induces another S C ¢ N 33 in purple, which is exactly a meridian of the red S*.

Ujt,.nD?) Uj=t,n (ST X b)) Uji,.n D3
SN(m) which bounds S = SN(Tg)

where Sl X lpj = SN(TR)’l
such that DJQ- N~ = 0.

P,J

m
by o) by o)

Then consider v§ N3, it’s RN B} which are k disjoint S1, namely S},i = 1, ..., k, and several
meridians of S} in 3. But for every meridian S* = SN(Tg)|z,, Tm = ;.. (Vj) € by, tjm €

[t1;,1] for some j (like the one in purple in Figure 5.2), D¥ = (SN(TR)|lpj [timo] U D%j) c

J,ms
which bounds that S1 is obviously null in 7o (M, 8%), since it bounds D3 = DN (TR)|zpj [tj.m,1] Y
Dij, Dij c D3 = DN('yl)|,Y1 (v;) where DN (TRr) denotes the normal disk bundle of T. Thus in

the calculation of ©, every meridian S! corresponds to (0,0) - [a] = 0 € Why (71 M;Zs x maM),

so they make no contributions. So ©(fg) = > .1 ,(0,87) - [¥/], but for the same reason,

-----

Bt = [DP ]553 , that is, stretching the disk near the intersection point along /,,, makes no difference
. . B
in m (M) = ma(M, B3). Thus, ©(f5) = X,y (0, [DF]%") - [6F]. O

Corollary 5.3. For any o € oM with w) (¢) = 0, Yo € w1 M, there is a half-unknotted immersed
barbell B = (R, S,7) and fg € ker ¥ C myP with its Cerf diagram being a single eye of (2,3)-
handle pair resulting in the immersed barbell diffeomorphism w.r.t. 3 such that O(fg) = (0,0) -

[a].

Proof. For o satisfying the condition, we first find R which is an immersed 2-sphere with ¢ € R,
such that R represents o € m2(M,q). Since wd! (o) = 0, we can induce some interior twists
(see [9, section 1.3]) locally on R away from ¢ to get R, which is a framed immersed 2-
sphere representing the same o € m2(M,q). Then find a small embedded 33 : D3 < M away
from R, with base point g € S := 9f3. Fix p € int(55). Find a path ; from %y to p such
that int(y1) N (B U Ry) = 0, 71 represents o € m(M,5). Find 72 from p to ¢ such that
int(y2) N (B Ry) = 0, (71 *2) ! induces a natural isomorphism from ma (M, q) to ma(M, xo):
7 — 7127 we need 0(1*12)7" = 5. Let v = 71 * 4o, then let 8 = (R4, S,7). By the above
theorem, ©(f3) = (0,0) - [a.

O

When there is an odd 2-sphere 7 € moM (i.e. w!(7) = 1), we can do more (the key point is

that the mp component of © only depends on D;, not on D)):
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Chapter 5. Generalizations to immersed barbell diffeomorphisms

Figure 5.3 / An illustration of 8 = (R,, S,y = 71 *72)

Corollary 5.4. If there exists T € moM with wyl (1) = 1, then for any o € maM, Yo € T M,
there is a half-unknotted immersed barbell B = (R,S,v) and fg € ker¥ C moP with its Cerf
diagram being a single eye of (2,3)-handle pair resulting in the immersed barbell diffeomorphism
w.r.t. B such that ©(fg) = (0,0) - [].

Proof. For o € oM with w)! (o) = 0, the result just follows from Corollary 5.3. For w}! (o) = 1.
We find an immersed 2-sphere R, representing o, and an immersed 2-sphere R, representing
7. Connect R, and R, with a tube along an embedded arc 7y disjoint from both R, and R,
to get R(7p). Then R(yy) can be made into a framed immersed 2-sphere by inducing some
interior twists locally. Find a small normal disk 3§ on 7o, let xg € § = 937 be the base point.
Find another embedded path v from *¢ to p, € R, away from ) and R(yp). See Figure 5.4
for an illustration. By suitably choosing ~y and 7, we can find = (R(70),S,7) such that

O(fp) = (0,0) - [al.

Figure 5.4 / An illustration for the proof of Corollary 5.4

Combining the above two corollaries we get:

Corollary 5.5. For any 0 € moM, Yo € m M, there is a half-unknotted immersed barbell § =
(R,S,7v) and fz € ker ¥ C moP with its Cerf diagram being a single eye of (2,3)-handle pair
resulting in the immersed barbell diffeomorphism w.r.t. B such that ©(fg) = (0,0) - [a].
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Chapter 5. Generalizations to immersed barbell diffeomorphisms

Singh proved in [3] that for any compact M*,
W =((s,0) - [1],s = 0 or wy' (o) # 0) € Why(m M;Z3 x mM),

we have W C O(ker ). In particular, when M = X3 x I, W = ((0,0) - [y]) € Why(m1 M; Zg x

7o M) since all o € oM have w) () = 0. Then,

Corollary 5.6. For M = X3 x I, all Hatcher-Wagoner invariants © realizable by Singh’s proce-

dure can be realized by compositions of fg, where 3 is an immersed half-unknotted barbell.

In particular, for M = (X;#X2) x I with X; closed, orientable, aspherical 3-manifold,
Singh used W and approximations for K3(Zm M) and ©(J NkerX) to show that there’s K C
mo Diff p (M, 0) and a surjection K — @, Z. Now by the above corollary, we have:

Corollary 5.7. Let M = (X 1#X3) x I with X; closed, orientable, aspherical 3-manifold. In this
case all o € moM = Z[m X1 * m1Xa] can be realized by embedded S* with wéw(o) = 0. Then

(implanted half-unknotted barbell diffeomorphisms) C moDiff pr(M, 0)

1s infinitely generated and of infinite Z-rank.
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